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APPLICATION OF DUALITY THEORY IN POST-OPTIMIZATION 
ANALYSIS OF RESULTS SOLUTIONS OF LINEAR PROGRAMMING 

PROBLEMS	
	

The connection between optimal solutions of the direct and dual problems 
of determining the optimal production plan is established with the help of lemmas 
and duality theorems, the results of which are given here without proof. The basic 
inequality of the duality theory states: if X = (X1, X2, ... , Xn) and Y = (Y1, Y2, … 
, Ym) are admissible solutions of the direct and dual problems respectively, then 
the inequality Z (X ) ≤ F (Y) is satisfied. Sufficient optimality condition. If X٭ = 
(X1٭, X2٭, … , Xn٭) and Y٭ = (Y1٭, Y2٭, … , Ym٭) are acceptable solutions of 
direct and dual problems, for which the equality Z (X٭) = F (Y٭) is executed, then 
X٭, Y٭ are optimal solutions of corresponding problems.	

The first duality theorem. If one of the pair of conjugate problems has an 
optimal plan, then the other also has a solution, and for optimal solutions the 
values of target functions coincide: max Z = min F. If the objective function of 
one of the problems is not bounded, then the other problem also has no solution. 
Note that if one of problems has no admissible solution, then the dual to it also 
may have no admissible solution, i.e. the inverse statement concerning the second 
part of the theorem does not hold in the general case. So, the first duality theorem 
allows one problem to simultaneously find a plan for the other problem while 
solving it.	

The economic content of the first duality theorem. The maximum profit 
max Z is obtained by an enterprise producing according to the optimal plan Xopt, 
but the same amount of money (min Z = max F) can be obtained by selling 
resources according to the optimal estimates Yopt. With other plans X ≠ Xopt Y ≠ 
Yopt, based on the basic inequality of duality theory, the income from the sale of 
products is always less than the costs of their production.	

The second duality theorem for symmetric problems. In order plans X 
and Y of the corresponding conjugate problems are optimal, it is necessary and 
sufficient that the conditions of complementary non rigidity are satisfied:	

	
Consequence. If as a result of substitution of the optimal plan of one of the 

problems (direct or dual) into the system of constraints of this problem the i-th 
constraint is executed as a strict inequality, then the corresponding i-th component 
of the optimal plan of the conjugate problem is zero. If the i-th component of the 
optimal plan of one of the problems is positive, then the corresponding i-e 
constraint of the conjugate problem is executed for the optimal plan as an 
equation.	
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 The economic content of the second duality theorem. in order to 
produce all products in the quantity determined by the optimal plan X٭, the 
expenditure of the j-th resource is strictly less than its total volume bj, then the 
corresponding evaluation of such resource Yj٭ (the component of the optimal plan 
of the dual problem) will be zero, i.e., it is not valuable for production under given 
conditions. If the cost of the resource is equal to its quantity bj, i.e., it is fully used, 
then it is valuable for production and its valuation Yj٭ will be strictly greater than 
zero.	

In the case when for the optimal plan of the dual problem Y٭ some i-e 
constraint is fulfilled as an inequality, i.e. all costs of producing a unit of i-th kind 
of product exceeds its price ci, then it is not reasonable to produce such kind of 
product, and in the optimal plan of the direct problem the quantity of such product 
Xi٭ is zero. If the cost of production of the i-th kind of product is equal to its unit 
price ci, then it should be produced in the quantity determined by the optimal plan 
of the direct problem Xi0 	. >٭

The existence of dual variables allows us to compare production costs and 
product prices, which substantiates the conclusion about the feasibility or 
impracticability of producing each type of product. In addition, the value of the 
dual evaluation characterizes the change in the value of the target function, which 
is due to small changes in the free term of the corresponding constraint. This 
statement is formulated as the third duality theorem: The components of the 
optimal plan of the dual problem Yj٭ are equal to the value of the partial 
derivatives of the target function F (b1, b2, … , bm) by the corresponding arguments 
bj, i.e. ∂F/∂bj = Yj٭.	

The economic content of the third duality theorem. Duality valuations 
are a unique tool that allows us to compare incomparable things. Obviously, it is 
impossible to simply compare quantities that have different units of measurement. 
If we consider a production problem, the question arises how the value of the 
target function, measured in monetary units, will change when the amount of 
resources, which can be measured in tons, m2, man/hour, hectares, etc., changes. 
Using the third duality theorem, it is easy to determine the effect on the change in 
the value of the target function of an increase (decrease) in the volume of 
individual resources: the numerical values of the duality estimates show by what 
amount the target function changes when the volume of the resource 
corresponding to the given estimate Yj٭ = ∂F/∂bj changes.	

Thus, with a small change in bj instead of the direct problem presented in 
the canonical form we obtain a new problem where bj is replaced by bj′ = bj + ∆bj′. 
Let us denote by X′ the optimal plan of the new problem. To determine the target 
function        Z (X′) it is not necessary to solve a new linear programming problem, 
it is sufficient to use the formula	
	

Z (X′) = Z (X٭) + Yj٭∆bj′,	
	
where X٭ is the optimal plan of the direct problem. 
	


