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Àíîòàöiÿ Ðîçãëÿíóòî iíôiíiòåçèìàëüíi ïåðåòâîðåííÿ ðiìàíîâèõ ïðîñòîðiâ

ç óìîâîþ iíâàðiàíòíîñòi òåíçîðó Åéíøòåéíà. Âèçíà÷åíî óìîâè iíâàðiàí-

òíîñòi öüîãî òåíçîðó. Òàêîæ, çíàéäåíi iíøi òåíçîðíi iíâàðiíòè ïåðåòâîðåíü.

Òàêîæ, ðîçãëÿíóòi ïåðåòâîðåííÿ ó ïðîñòîðàõ ñòàëî¨ ñêàëÿðíî¨ êðèâèíè.

Êëþ÷îâi ñëîâà Ðiìàíîâèé ïðîñòið · Iíôiíiòåçèìàëüíi ïåðåòâîðåííÿ · Òåí-
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1 Âñòóï

Áàãàòî äîñëiäíèöüêèõ ðîáiò ïðèñâÿ÷åíî êîíôîðìíèì, ïðîåêòèâíèì âiäîáðà-

æåííÿì ðèìàíîâèõ ìíîãîâèäiâ òà ãîëîìîðôíî-ïðîåêòèâíèì âiäîáðàæåííÿì

êåëåðîâèõ ìíîãîâèäiâ. Çîêðåìà, ïåâíà êiëüêiñòü ç íèõ ïðåñâÿ÷åíà âèâ÷åí-

íÿì òàêèõ âiäîáðàæåíü, ùî çáåðiãàþòü Òåíçîð Åéíøòåéíà (íàïðèêëàä, [6],

[7]):

Eij
def
= Rij −

1

n
Rgij (1)
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Çàóâàæèìî, ùî ó áàãàòüîõ êëàñè÷íèõ äæåðåëàõ, çîêðåìà, òàêi âèçíà÷íi â÷å-

íi, ÿê À. Ç. Ïåòðîâ [5], Åääiíãòîí, òà iíøi, òåíçîðîì Åéíøòåéíà íàçèâàþòü

ïðàâó ÷àñòèíó ðiâíÿíü Åéíøòåéíà, à ñàìå

Gij = Rij −
1

2
Rgij . (2)

Îäíàê, îñòàííiì ÷àñîì, ñó÷àñíi äîñëiäíèêè çàêðiïèëè öþ íàçâó çà (1), âèõî-

äÿ÷è ç ìiðêóâàíü, ùî âèíèêàþòü ó çâ'ÿçêó ç äîñëiäæåííÿì ïðîñòîðiâ Åéí-

øòåéíà. Êðiì òîãî, äîäàìî, ùî òåíçîðè ìàþò óíiêàëüíi âëàñòèâîñòi. Òåíçîð

(2) ìà¹ íóëüîâó äèâåðãåíöiþ ∇αGαj , ùî âiäçåðêàëåííÿì çàêîíó çáåðåæåííÿ

åíåðãi¨ [2, ñ. 373]. Òåíçîð (1) � ¹äèíèé òåíçîð ç ñiìåéñòâà òåíçîðiâ âèãëÿäó

Rij − κRgij , κ = const çáåðåæåííÿ ÿêîãî ïiä ÷àñ êîíôîðìíîãî ïåðåòâîðåí-

íÿ íå âèìàãà¹ áûëüø æîðñòêî¨ óìîâè � ñáåðåæåííÿ òåíçîðó êðèâèíè Rhijk
[11]. Ó öié ñòàòòi ìè âèâ÷àòèìåìî iíôiíiòåçèìàëüíi ïåðåòâîðåííÿ, ùî òàêîæ,

çáåðiãàòèìóòü òåíçîð Åéíøòåéíà (1) ó ïðîñòîðàõ ñòàëî¨ ñêàëÿðíî¨ êðèâèíè

R.

2 Ïîïåðåäíi âiäîìîñòi

Íåõàé, ìè äîñëiäæó¹ìî ïðîñòið (Vn, g) íà ÿêîìó çàäàíà ìåòðèêà g, i âiäïîâiä-

íî, iñíó¹ óçãîäæåíà ñ öi¹þ ìåòðèêîþ çâ'ÿçíiñòü Γhij , i òåíçîð ðèìàíîâî¨ êðè-

âèíè öi¹¨ çâ'ÿçíîñòiRhijk. Òîäi,Rij = Rαijα � òåíçîð Ði÷i, i, íàðåøòi,R = Rijg
ij

� ñêàëÿðíà êðèâèíà, ùî ó íàøîìó äîñëiäæåííi ¹ ñòàëîþ: R = const.

Ìè âèâ÷àòèìî ïåðåòâîðåííÿ ðiìàíîâîãî ïðîñòîðó Vn

xh = xh + tξh(x1, x2, . . . , xn), (3)

äå t ¹ äîâiëüíèé ìàëèé ïàðàìåòð, ùî ¹ íåçàëåæíèì âiä êîîðäèíàò xi ìà¹ íà-

çâó iíôiíiòåçèìàëüíîãî ïåðåòâîðåíííÿ ðiìàíîâîãî ïðîñòîðó. Êàæóòü, ùî

âåêòîðíå ïîëå ξ(x1, x2, . . . , xn) ãåíåðó¹ öå ïåðåòâîðåííÿ. Öåíòðàëüíèì ðiâ-

íÿííÿì òåîði¨ iíôiíiòåçèìàëüíèõ ïåðåòâîðåíü ¹

ξi,jk = ξαR
α
kji + ghiLξΓ

h
jk,

äå LξΓ
h
jk ïîõiäíà Ëi êîåôiöi¹íòó çâ'ÿíîñòi LξΓ

h
jk, à R

h
kji � òåíçîð êðèâèíè

öi¹¨ çâ'ÿíîñòi. ßâíèé âèãëÿä LξΓ
h
jk çàëåæàòèìå âiä òèïó ïåðåòâîðåíü. Òà-

êîæ, ÿêùî öå ïåðåòâîðåííÿ çáåðiãà¹ òåíçîð Åéíøòåéíà, ïîõiäíà Ëi âçäîâæ

âåêòîðíîãî ïîëÿ ξ(x1, x2, . . . , xn) ìà¹ äîðiâíþâàòè íóëþ:

LξEij = ξαEij,α + ξα,iE
α
j + ξα,jE

α
i = 0 (4)
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3 Iíôiíiòåçèìàëüíi êîíôîðìíi ïåðåòâîðåííÿ

ßêùî âåêòîðíå ïîëå ξ(x1, x2, . . . , xn) ãåíåðó¹ iíôiíiòåçèìàëüíå êîíôîðìíå

ïåðåòâîðåííÿ, âîíî ìà¹ çàäîâiëüíÿòè ñèñòåìi ðiâíÿíü [1],[3]:

1)ξi,j = ξij ;

2)ϕ,i = ϕi;

3)ξi,j + ξj,i = ϕgij ;

4)ξi,jk = ξαR
α
kji +

1
2 (ϕkgij + ϕjgik − ϕigjk);

5)ϕi,j =
2

n−2

(
ξαRij,α + ξα,iR

α
j + ξα,jR

α
i −

gij
2(n−1) (ξ

αR,α + ϕR)
)
.

(5)

Òóò ϕ ¹ ïåâíèì ñêàëÿðîì, gij � ðiìàíîâà ìåòðèêà ðiìàíîâîãî ïðîñòîðó, R
h
kji

� òåíçîð êðèâèíè, òà Rij = Rαijα � Ði÷÷i. Íàðåøòi, êîâàðiàíòíà ïîõiäíà,

óçãîäæåíà ç ðiìàíîâîþ ìåòðèêîþ gij ïîçíà÷åíà ÿê êîìà. Çàïèøåìî (4) áiëüø

ðîçãîðíóòî:

ξαRij,α + ξα,iR
α
j + ξα,jR

α
i −

1

n
ϕRgij −

1

n
R,α ξ

αgij = 0

Òîäi

ξαRij,α + ξα,iR
α
j + ξα,jR

α
i =

1

n
ϕRgij +

1

n
R,α ξ

αgij (6)

Ïiäñòàâëÿþ÷è öåé âèðàç ó (55) çàìiñòü ξ
αRij,α + ξα,iE

α
j + ξα,jR

α
i òà çâîäÿ÷è

ïîäiáíi, îòðèìó¹ìî:

ϕi,j =
gij

n(n− 1)
(Rϕ+R,α ξ

α) . (7)

Âiäîìî, ÿêùî êîâåêòîðíå ïîëå σi çàäîâiëüíÿ¹ ðiâíÿííÿì

σi,j = ρgij ,

òî âîíî ìà¹ íàçâó êîíöèðêóëÿðíîãî. Ïðîñòîðè, â ÿêèõ òàêå ïîëå iñíó¹, ìàþòü

íàçâó åêâiäiñòàíòíèõ. Ç (7) ìà¹ìî, ùî âåêòîð ϕi çàäîâiëüíÿ¹ óçàãàëüíåíèì

ðiâíÿííÿì Êiëiíãà äÿ êîíôîðìíèõ ïåðåòâîðåíü.

ϕi,j + ϕj,i = ϕ̃gij , (8)

äå ϕ̃ = 2
n(n−1) (Rϕ+R,α ξ

α). Öå îçíà÷à¹, ùî âåêòîð ϕi ¹ êîíôîðìíèì âå-

êòîðîì, òîáòî ¹ ãåíåðàòîðîì êîíôîðìíèõ íåñêií÷åííî ìàëèõ ïåðåòâîðåíü.

Áåðó÷è äî óâàãè (7) òà 8), ìè îòðèìó¹ìî òåîðåìó.

Òåîðåìà 1 ßêùî ïñåâäîðiìàíîâèé ïðîñòið Vn äîïóñêà¹ êîíôîðìíi iíôiíi-

òåçèìàëüíi ïåðåòâîðåííÿ, ùî çáåðiãàþòü òåíçîð Åéíøòåéíà, òî Vn ¹
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åêâiäiñòàíòíèì.Êðiì òîãî, àñîöiéîâàíèé ç ξi, âåêòîð ϕi, òàêîæ ¹ ãåíå-

ðàòîðîì êîíôîðìíîãî ïåðåòâîðåííÿ:

ϕi,j + ϕj,i = ϕ̃gij ,

äå ϕ̃ = 2
n(n−1) (Rϕ+R,α ξ

α).

Óìîâè iíòåãðîâíîñòi (54) ¹ òàêèìè [1]:

ξm
(
Rmkij,l −Rmlij,k

)
+ ξm,lR

m
kij − ξm,kRmlij + ξi,mR

m
jkl + ξm,jR

m
ikl

+
1

2

(
gilϕ,jk − gikϕ,jl + gjkϕ,il − gjlϕ,ik

)
= 0.

(9)

Âíàñëiäîê òîòîæíîñòi Áiàíêi

Rkij,l +Rkjl,i +Rkij,l +Rmkjl,k = 0,

òà òîòîæíîñòåé
Rkijl = −Rikjl,

Rkijl = −Rkilj ,

Rkijl = Rjlki,

(10)

ðiâíÿííÿ (9) ìîæóòü áóòè çàïèñàíi òàêèì ÷èíîì:

−ξmRijkl,m + ξm,lR
m
kij − ξm,kRmlij + ξi,mR

m
jkl + ξm,jR

m
ikl

+
1

2

(
gilϕj,k − gikϕj,l + gjkϕi,l − gjlϕi,k

)
= 0.

(11)

ßêùî (7) ïiäñòàâèòè ó (11) ìè îòðèìó¹ìî:

−ξmRijkl,m + ξm,lR
m
kij − ξm,kRmlij + ξi,mR

m
jkl + ξm,jR

m
ikl

+
1

n(n− 1)

(
Rϕ+R,α ξ

α
)(
gilgjk − gikgjl

)
= 0.

(12)

Äàëi, ïiäíiìàþ÷è iíäåêñ i çà äîïîìîãîþ ghi i áåðó÷è äî óâàãè (10), âíàñëiäîê

(12) ìè îòðèìó¹ìî:

ξmRhjlk,m + ξm,jR
h
mlk + ξm,lR

h
jmk + ξm,kR

h
jlm − ξh,mRmjlk

+
1

n(n− 1)

(
Rϕ+R,α ξ

α
)(
δhl gjk − δhkgjl

)
= 0.

(13)

Âiäîìî, ùî ïîõiäíi Ëi âçäîâæ âåêòîðíîãî ïîëÿ ξ òåíçîðiâ Rhjkl, gjl, δ
j
i òà

ñêàëÿðó R ìîæóòü áóòè çíàéäåíi çà ôîðìóëàìè:

LξR
h
jlk = ξmRhjlk,m + ξm,jR

h
mlk + ξm,lR

h
jmk + ξm,kR

h
jlm − ξh,mRmjlk,

Lξgij = ϕgij ,

Lξδ
j
i = 0,

LξR = R,α ξ
α.

(14)
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Êðiì (14), âiäîìî, ùî ïîõiäíà Ëi ñóìè òåíçîðiâ îäíàêîâîãî òèïó äîðiâíþ¹

ïîõiäíié Ëi ñóìi öèõ òåíçîðiâ, à äëÿ ïîõiäíî¨ äîáóòêó òåíçîðiâ, ÷è ¨õ çãîðòêè

¹ ñïðàâåëèâèì ïðàâèëî Ëåéáíiöà. Îòæå, ìè ìà¹ìî:

Lξ
(
Rhjlk −

R

n(n− 1)

(
δhkgjl − δhl gjk

))
= 0. (15)

Çàðàäè êîðîòêñòi, ââåäîíî ïîíÿòòÿ òåíçîðó êîíöèðêóëÿðíî¨ êðèâèíè:

Zhjkl
def
= Rhjkl −

R

n(n− 1)

(
δhkgjl − δhl gjk

))
, (16)

Òîäi (15) ìîæå áóòè çàïèñàíî:

LξZ
h
jlk = 0. (17)

Çãîðòàþ÷è (16) iíäåêñè h òà k ìè çíàõîäèìî

Zαjlα = Rαjlα −
R

n(n− 1)

(
δααgjl − δαl gjα

)
= Rjl −

1

n
Rgjl.

Ç iíøîãî áîêó, âiäîìî, ùî ïîõiäíà Ëi çãîðòêè äîðiâíþ¹ çãîðòöi ïîõiäíî¨ Ëi.

Îòæå, ìè îòðèìó¹ìî òåîðåìó.

Òåîðåìà 2 Äëÿ òîãî, ùîá ðiìàíîâèé ïðîñòið Vn äîïóñêàâ iíôiíiòåçèìàëü-

íå êîíôîðìíå ïåðåòâîðåííÿ, ïîðîäæåíå äåÿêèì âåêòîðíèì ïîëåì ξ, ùî

çáåðiãà¹ òåíîð Åéíøòåíà Eij = Rij − 1
nRgij, íåîáõiäíî òà äîñòàòíüî, ùîá

ïîõiäíà Ëi òåíçîðó êîíöèðêóëÿðíî¨ êðèâèíè òîòîæíî äîðiâíþâàëà íóëþ:

LξZ
h
ijk = 0.

Íàðåøòi, çíàéäåìî óìîâè iíòåãðîâíîñòi ðiâíÿííÿ (7). Äèôåðåíöiþþ÷è öi ðiâ-

íÿííÿ êîâàðiíòíî çà xk, ìè îòðèìó¹ìî:

ϕi,jk =
gij

n(n− 1)

(
R,kϕ+Rϕk +R,αk ξ

α +R,α ξ
α
,k

)
Àëüòåðíóþ÷è çà j òà k öå ðiâíÿííÿ, òà âèêîðèñòîâóþ÷è òîòîæíiñòü Ði÷÷i

ϕi,jk − ϕi,kj = ϕαR
α
ijk,

îòðèìó¹ìî:

ϕαR
α
ijk =

1

n(n− 1)

(
R,kϕgij +Rϕkgij +R,αk ξ

αgij +R,α ξ
α
,kgij

)
− 1

n(n− 1)

(
R,jϕgik +Rϕjgik +R,αj ξ

αgik +R,α ξ
α
,jgik

)
,
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àáî

ϕα
(
Rαijk −

R

n(n− 1)

(
δαk gij − δαj gik

))
=

1

n(n− 1)

(
R,kϕgij +R,αk ξ

αgij +R,α ξ
α
,kgij

)
− 1

n(n− 1)

(
R,jϕgik +R,αj ξ

αgik +R,α ξ
α
,jgik

)
.

(18)

Äëÿ êîðîòêîñòi ìîæíà ðiâíÿííÿ (18) çàïèñàòè

ϕαZ
α
ijk =

1

n(n− 1)
Lξ

(
R,kgij −R,jgik

)
.

ßêùî R = const 6= 0, ìè ìàòèìåìî ç (4), ùî

LξRij =
R

n
Lξgij . (19)

Êîðèñòóþ÷èñü (19), ç (7) ìàòèìåìî:

ϕi,j =
Rϕ

n(n− 1)
gij . (20)

Ç ðiâíÿííÿ (20) ìè áà÷èìî, ùî ó âèïàäêó ñòàëî¨ ñêàëÿðíî¨ êðèâèíè, âåêòîð

ϕi ëèøà¹òüñÿ êiëiíãîâèì, à óìîâà iíòåãðîâíîñòi öüîãî ðiâíÿííÿ ïðèéìå âè-

ãëÿä:

ϕα
(
Rαijk −

R

n(n− 1)

(
δαk gij − δαj gik

))
= 0.

ßêùî R = const = 0, òî ìè áà÷èìî, ùî âíàñëiäîê öüîãî (20) ìîæíà çàïèñàòè

òàê:

ϕi,j = 0,

ç ÷îãî îäðàçó âèïëèâà¹, ùî

ϕi,j + ϕj,i = 0,

òîáòî, âåêòîð ϕi ¹ êiëiíãîâèì âåêòîðîì, ãåíåðàòîðîì içîìåòðè÷íèõ ïåðåòâî-

ðåíü. Äàëi, ÿêùî ìè âèïèøåìî (11)

−ξmRijkl,m + ξm,lR
m
kij − ξm,kRmlij + ξi,mR

m
jkl + ξm,jR

m
ikl = 0,

àáî, êîðîòøå

LξR
h
ijk = 0.

Öå îçíà÷à¹, ùî ïðè òàêèõ ïåðåòâîðåííÿõ, çáåðiãàòèìåòüñÿ òåíçîð êðèâèíè.

Çâiäñè ìà¹ìî òåîðåìó.
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Òåîðåìà 3 ßêùî ðiìàíîâèé ïðîñòið Vn òàêèé, ùî ìà¹ íóëüîâó ñêàëÿðíó

êðèâèíó, äîïóñêà¹ iíôiíiòåçèìàëüíå êîíôîðìíå ïåðåòâîðåííÿ, ïîðîäæåíå

äåÿêèì âåêòîðíèì ïîëåì ξ, ùî çáåðiãà¹ òåíçîð Åéíøòåéíà, òî àñîöiéîâà-

íèé ç íèì êîâåêòîð ϕi, ¹ âåêòîðîì Êiëiíãà:

ϕi,j + ϕj,i = 0.

Êðiì òîãî, ïîõiäíà Ëi òåíçîðà êðèâèíè äîðiâíþâàòèìå íóëþ:

LξR
h
ijk = 0.

4 Iíôiíiòåçèìàëüíi ïðîåêòèâíi ïåðåòâîðåííÿ

iíôiíiòåçèìàëüíi ïðîåêòèâíi(òàêi, ùî çáåðiãàþòü ãåîäåç÷íi) ïåðåòâîðåííÿ [5,

ñ. 348] õàðàêòåðèçóþòüñÿ óìîâîþ:

LξΓ
h
ij = ψiδ

h
j + ψjδ

h
i

ßêùî âåêòîðíå ïîëå ξ(x1, x2, . . . , xn) ãåíåðó¹ iíôiíiòåçèìàëüíå ïðîåêòèâíå

ïåðåòâîðåííÿ, âîíî ìà¹ çàäîâiëüíÿòè ñèñòåìi ðiâíÿíü [9, c. 133],[4]:

1)ξi,j = ξij ;

2)ψ,i = ψi;

3)ξi,jk = ξαR
α
kji + ψkgij + ψjgik;

4)ψi,j =
1

n−1

(
ξαRij,α + ξα,iR

α
j + ξα,jR

α
i

)
.

(21)

Âðàõîâóþ÷è íåîáõiäíiñòü çáåðåæåííÿ òåíçîðó (3), ìàòèìå ñëóøíiñòü (6), îò-

æå ïiäñòàâèâøè (6) ó (214), îòðèìó¹ìî

ψi,j =
1

n(n− 1)
(RLξ(gij) +R,α ξ

αgij) , (22)

ùî öiëêîì çáiãà¹òüñÿ ç (7). Âèïèøåìî óìîâè iíòåãðîâíîñòi (213) [1]:

ξm
(
Rmkij,l −Rmlij,k

)
+ ξm,lR

m
kij − ξm,kRmlij + ξi,mR

m
jkl + ξm,jR

m
ikl

+gilψj,k − gikψj,l = 0.
(23)

Ïiäñòàâèøè (22) ó (23), òà ïiäíiìàþ÷è iíäåêñ i çà äîïîìîãîþ gih, îòðèìó¹ìî

óìîâó:

ξmRhjlk,m + ξm,jR
h
mlk + ξm,lR

h
jmk + ξm,kR

h
jlm − ξh,mRmjlk

+
R

n(n− 1)

(
δhl Lξ(gjk)− δhkLξ(gjl)

)
+

R,α ξ
α

n(n− 1)

(
δhl gjk − δhkgjl

)
= 0,

(24)
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ÿêó ìîæíà çàïèñàòè ó âèãëÿäi, ñõîæèì ç (15)

Lξ
(
Rhjlk −

R

n(n− 1)

(
δhkgjl − δhl gjk

))
= 0. (25)

Âèõîäÿ÷è ç (22), òà (25), ìîæíà ñôîðìóëþâàòè òåîðåìó.

Òåîðåìà 4 Äëÿ òîãî, ùîá ðiìàíîâèé ïðîñòið Vn äîïóñêàâ iíôiíiòåçèìàëü-

íå ïðîåêòèâíå ïåðåòâîðåííÿ, ïîðîäæåíå äåÿêèì âåêòîðíèì ïîëåì ξ, ùî

çáåðiãà¹ òåíçîð Åéíøòåéíà Eij = Rij − 1
nRgij, íåîáõiäíî òà äîñòàòíüî,

ùîá ïîõiäíà Ëi òåíçîðó êîíöèðêóëÿðíî¨ êðèâèíè

Zhjkl = Rhjkl −
R

n(n− 1)

(
δhkgjl − δhl gjk

))
.

òîòîæíî äîðiâíþâàëà íóëþ:

LξZ
h
ijk = 0.

Òåïåð, ïåðåéäåìî äî ïðîñòîðiâ, ùî çàäîâiëüíÿþòü âèìîçi R = const 6= 0.

Âíàñëiäîê (19) ðiâíÿííÿ (22) ïðèéìå âèãëÿä:

ψi,j =
R

n(n− 1)
Lξ(gij). (26)

Ç (26) îòðèìó¹ìî, ùî

Lψ(gij) = ψi,j + ψj,i =
2R

n(n− 1)
Lξ(gij). (27)

Äëÿ ñèìåòðè÷íî¨ çâ'ÿçíîñòi ìà¹ìî:

gktLψΓ
t
ij =

1

2

(
∇jLψ(gik) +∇iLψ(gjk)−∇kLψ(gij)

)
=

R

n(n− 1)

(
∇jLξ(gik) +∇iLξ(gjk)−∇kLξ(gij)

)
=

2R

n(n− 1)
gktLξΓ

t
ij .

Çâiäñè ìè áà÷èìî, ùî âåêòîð çàäîâiëüíÿ¹ ðiâíÿííþ (213), ÿêå â öüîìó âè-

ïàäêó ïðèéìå âèãëÿä:

ψi,jk = ψαR
α
kji +

2R

n(n− 1)
(ψkgij + ψjgik). (28)

ßêùî R = const = 0, ðiâíÿííÿ (27) äà¹

Lψ(gij) = ψi,j + ψj,i = 0, (29)

à (27), âiäïîâiäíî

ψi,jk = ψαR
α
kji. (30)



46 Î. �. ×åïóðíà

Óìîâà (24) âèãëÿäàòèìå ÿê

ξmRhjlk,m + ξm,jR
h
mlk + ξm,lR

h
jmk + ξm,kR

h
jlm − ξh,m = 0,

àáî

LξR
h
jlk = 0,

òîáòî òåíçîð êðèâèíè çáåðiãà¹òüñÿ, ÿê i ó âèïàäêó êîíôîðìíèõ ïåðåòâîðåíü.

Îòðèìàíå ìîæíà ïiäñóìóâàòè ó âèãëÿäi òåîðåìè.

Òåîðåìà 5 ßêùî ðiìàíîâèé ïðîñòið Vn òàêèé, ùî ìà¹ ñòàëó ñêàëÿðíó

êðèâèíó (R = const 6= 0), äîïóñêà¹ iíôiíiòåçèìàëüíå ïðîåêòèâíå ïåðå-

òâîðåííÿ, ïîðîäæåíå äåÿêèì âåêòîðíèì ïîëåì ξ, ùî çáåðiãà¹ òåíçîð Åéí-

øòåéíà, òî àñîöiéîâàíèé ç íèì êîâåêòîð ψi, òàêîæ ïîðîäæóâàòèìå ïðî-

åêòèâíi ïåðåòâîðåííÿ. Ó âèïàäêó, êîëè ñêàëÿðíà êðèâèíà òîòîæíî äîðiâ-

íþ¹ íóëþ(R = const = 0), àñîöiéîâàíèé êîâåêòîð ψi ¹ âåêòîðîì Êiëiíãà:

ψi,j + ψj,i = 0.

Êðiì òîãî, ó âèïàäêó íóëüîâî¨ ñêàëÿðíî¨ êðèâèíè, ïîõiäíà Ëi òåíçîðà êðè-

âèíè âçäîâæ ïîðîäæóþ÷îãî ïîëÿ ξ äîðiâíþâàòèìå íóëþ:

LξR
h
ijk = 0.

5 Iíôiíiòåçèìàëüíi ãîëîìîðôíî-ïðîåêòèâíi ïåðåòâîðåííÿ

êåëåðîâèõ ïðîñòîðiâ

Ðîçãëÿíåìî n-âèìiðíèé (n = 2m) Êåëåðiâ ìíîãîâèä, ç ëîêàëüíèìè êîîðäè-

íàòàìè (xi). Òîäi ïîçèòèâíî-âèçíà÷åíà Ðiìàíîâà ìåòðèêà gij òà êîìïëåêñíà

ñòðóêòóðà F ji çàäîâiëüíÿòèìóòü ðiâíÿííÿì [8]:

F ri F
j
r = −δji , gklF

k
i F

l
j = gij

∇kF ji = 0, ∇kgij = 0.

iíôiíiòåçèìàëüíi ãîëîìîðôíî-ïðîåêòèâíi ïåðåòâîðåííÿ âèçíà÷àþòüñÿ óìî-

âîþ:

LξΓ
h
ij = ρiδ

h
j + ρjδ

h
i − ρsF si Fhj − ρsF sj Fhi . (31)

Êðiì òîãî, âèìàãàòèìåìî çáåðåæåííÿ êîìïëåêñíî¨ ñòðóêòóðè:

LξF
i
j = F ij,kξ

k − Fαj ξi,α + F iαξ
α
,j = 0. (32)
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Â öüîìó âèïàäêó âåêòîðíå ïîëå ξ ìà¹ íàçâó êîíòðàâàðiàíòíîãî àíàëiòè-

÷íîãî. Òîäi, ñèñòåìà äèôåðåíöiàëüíèõ ðiâíÿíü ìàòèìå âèãëÿä:

1)ξi,j = ξij ;

2)ρ,i = ρi;

3)ξi,jk = ξαR
α
kji + ρjgik + ρkgij − ρsF sj Fki − ρsF skFji;

4)ρi,j =
1

n+2

(
ξαRij,α + ξα,iR

α
j + ξα,jR

α
i

)
.

(33)

Îñêiëüêè òåíçîð (3) çáåðiãà¹òüñÿ, ïiäñòàâëÿ¹ìî (6) ó (334), îòðèìó¹ìî

ρi,j =
1

n(n+ 2)
(RLξ(gij) +R,α ξ

αgij) , (34)

Âèïèøåìî óìîâè iíòåãðîâíîñòi (333)

−ξmRijkl,m + ξm,lR
m
kij − ξm,kRmlij + ξi,mR

m
jkl + ξm,jR

m
ikl

+gilρj,k − gikρj,l + ρs,lF
s
kFji + ρs,lF

s
j Fki − ρs,kF sl Fji − ρs,kF sj Fli = 0.

(35)

Ïiäñòàâèìî (34) ó (35). Ïiäíÿâøè iíäåêñ i çà äîïîìîãîþ ghi, ìà¹ìî òàêå

ðiâíÿííÿ:

ξmRhjlk,m + ξm,jR
h
mlk + ξm,lR

h
jmk + ξm,kR

h
jlm − ξh,mRmjlk

+
R

n(n+ 2)

(
δhl Lξ(gjk)− δhkLξ(gjl) + Lξ(gsl)F

s
kF

h
j

+Lξ(gsl)F
s
j F

h
k − Lξ(gsk)F

s
l F

h
j − Lξ(gsk)F

s
j F

h
l

)
+

R,α ξ
α

n(n+ 2)

(
δhl gjk − δhkgjl + gslF

s
kF

h
j + gslF

s
j F

h
k − gskF sl Fhj − gskF sj Fhl

)
= 0.

(36)

Âðàõîâóþ÷è (32), à òàêîæ, ùî gslF
s
k = Fkl = −Flk, (36) ìîæíà çàïèñàòè

íàñòóïíèì ÷èíîì:

Lξ
(
Rhjlk −

R

n(n+ 2)
(δhkgjl − δhl gjk + Fhk Fjl − Fhl Fjk + 2Fhj Flk)

)
= 0 (37)

Òåíçîð

Y hjlk
def
= Rhjlk −

R

n(n+ 2)
(δhkgjl − δhl gjk + Fhk Fjl − Fhl Fjk + 2Fhj Flk)

ìà¹ íàçâó òåíçîðà H-êîíöèðêóëÿðíî¨ êðèâèíè. Ç (37) âèïëèâà¹ òåîðåìà.

Òåîðåìà 6 Äëÿ òîãî, ùîá êåëåðîâèé ìíîãîâèä Kn äîïóñêàâ iíôiíiòåçè-

ìàëüíå ãîëîìîðôíî-ïðîåêòèâíå ïåðåòâîðåííÿ, ïîðîäæåíå äåÿêèì âåêòîð-

íèì ïîëåì ξ, ùî çáåðiãà¹ êîïëåêñíó ñòðóêòóðó F ji òà òåíçîð Åéíøòåéíà
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Eij = Rij − 1
nRgij, íåîáõiäíî òà äîñòàòíüî, ùîá ïîõiäíà Ëi òåíçîðó H-

êîíöèðêóëÿðíî¨ êðèâèíè

Y hjlk = Rhjlk −
R

n(n+ 2)
(δhkgjl − δhl gjk + Fhk Fjl − Fhl Fjk + 2Fhj Flk).

òîòîæíî äîðiâíþâàëà íóëþ:

LξY
h
ijk = 0.

Äîñëiäèìî ãîëîìîðôíî-ïðîåêòèâíi ïåðåòâîðåííÿ, ùî çáåðiãàþòü òåíîð Åéí-

øòåéíà ó âèïàäêó, êîëè R = const 6= 0. Âíàñëiäîê (19) ðiâíÿííÿ (34) ïðèéìå

âèãëÿä:

ρi,j =
R

n(n+ 2)
Lξ(gij). (38)

Ç (38) îòðèìó¹ìî ïîõiäíe Ëi ìåòðèêè óçäîâæ ïîëÿ ρ:

Lρ(gij) = ρi,j + ρj,i =
2R

n(n+ 2)
Lξ(gij). (39)

Îñêiëüêè, çà óìîâàìè äîñëiäæåííÿ, çâ'ÿçíiñòü ¹ çâ'ÿçíiñòþ Ëåâi-×iâiòà, îò-

æå, ñèìåòðè÷íîþ, ìà¹ìî:

gktLψΓ
t
ij =

1

2

(
∇jLψ(gik) +∇iLψ(gjk)−∇kLψ(gij)

)
=

R

n(n− 1)

(
∇jLξ(gik) +∇iLξ(gjk)−∇kLξ(gij)

)
=

2R

n(n+ 2)
gktLξΓ

t
ij .

Çâiäñè ìè áà÷èìî, ùî âåêòîð çàäîâiëüíÿ¹ ðiâíÿííþ (333), ÿêå â öüîìó âè-

ïàäêó ïðèéìå âèãëÿä:

ρi,jk = ραR
α
kji +

2R

n(n+ 2)
(ρjgik + ρkgij − ρsF sj Fki − ρsF skFji). (40)

Êðiì òîãî, îñêiëüêè ìåòðèêà ¹ åðìiòèâîþ:

F ti gtj + F tj gti = 0,

òà çáåðåæåííÿ êîìïëåñêíî¨ ñòðóêòóðè(óìîâà (32)), ìà¹ìî:

F ti Lξ(gtj) + F tjLξ(gti) = 0,

Âðàõóâàâøè (38), îòðèìó¹ìî:

F ti ρt,j + F tj ρt,i = 0,

àáî:

∇j(ρtF ti ) +∇i(ρtF tj ) = 0.
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Òàêèì ÷èíîì, êîâàðiàíòíèé âåêòîð ρtF
t
i ¹ âåêòîðîì Êiëiíãà.

ßêùî R = const = 0, ðiâíÿííÿ (39) äà¹

Lρ(gij) = ρi,j + ρj,i = 0, (41)

à (39), âiäïîâiäíî

ρi,jk = ραR
α
kji. (42)

Óìîâà (36) çíîâ äà¹

ξmRhjlk,m + ξm,jR
h
mlk + ξm,lR

h
jmk + ξm,kR

h
jlm − ξh,m = 0,

àáî

LξR
h
jlk = 0,

òîáòî òåíçîð êðèâèíè çáåðiãà¹òüñÿ, ÿê i ó ïîïåðåäíiõ âèïàäêàõ. Ìà¹ìî òåî-

ðåìó.

Òåîðåìà 7 ßêùî êåëåðîâèé ïðîñòið Vn òàêèé, ùî ìà¹ ñòàëó ñêàëÿð-

íó êðèâèíó (R = const 6= 0), äîïóñêà¹ iíôiíiòåçèìàëüíå ãîëîìîðôíî-

ïðîåêòèâíå ïåðåòâîðåííÿ, ïîðîäæåíå äåÿêèì âåêòîðíèì ïîëåì ξ, ùî çáå-

ðiãà¹ òåíçîð Åéíøòåéíà, òî àñîöiéîâàíèé ç íèì êîâåêòîð ρi, òàêîæ ïîðî-

äæóâàòèìå ïðîåêòèâíi ïåðåòâîðåííÿ, à âåêòîð F ti ρt ¹ âåêòîðîì Êiëiíãà.

Ó âèïàäêó, êîëè ñêàëÿðíà êðèâèíà òîòîæíî äîðiâíþ¹ íóëþ(R = const = 0),

àñîöiéîâàíèé êîâåêòîð ρi òàêîæ áóäå âåêòîðîì Êiëiíãà:

ρi,j + ρj,i = 0.

Êðiì òîãî, ó âèïàäêó íóëüîâî¨ ñêàëÿðíî¨ êðèâèíè, ïîõiäíà Ëi òåíçîðà êðè-

âèíè âçäîâæ ïîðîäæóþ÷îãî ïîëÿ ξ äîðiâíþâàòèìå íóëþ:

LξR
h
ijk = 0.

Ëiòåðàòóðà

1. Ýéçåíõàðò Ë. Ï. Ðèìàíîâà ãåîìåòðèÿ /Ë. Ï. Ýéçåíõàðò � Ì.: ÈË, 1948.
2. Ëàíäàó Ë. Ä., Ëèâøèö Å. Ì. Òåîðèÿ ïîëÿ./Ë. Ä. Ëàíäàó, Å. Ì. Ëèâøèö Íàóêà. 1988.

512 ñ.
3. Ìèêåø É., Ìîëäîáàåâ Ä. Î ðàñïðåäåëåíèè ïîðÿäêîâ ãðóïï êîíôîðìíûõ ïðåîáðàçî-

âàíèé ðèìàíîâûõ ïðîñòðàíñòâ // Èçâ. âóçîâ. Ìàòåì. � 1991. �12, �Ñ. 24-�29.
4. Mike�s J., Van�zurov�a A., Hinterleitner I.Geodesic mappings and some generalizations.

/J. Mike�s �Olomouc: Palacky University Press, 2009, 304p.
5. Ïåòðîâ À. Ç. Íîâûå ìåòîäû â îáùåé òåîðèè îòíîñèòåëüíîñòè/ À. Ç. Ïåòðîâ Íàóêà.

1966. 496 ñ
6. Chepurna O., Kiosak V., Mike�s J. Conformal mappings of Riemannian spaces which

preserve the Einstein tensor. // J. Appl. Math. Aplimat 3, 1 (2010), 253�258.



50 Î. �. ×åïóðíà

7. Êèîñàê Â. A. ×åïóðíàÿ Å. Å. Èíâàðèàíòíûå ïðåîáðàçîâàíèÿ ñ ñîõðàíåíèåì
ãåîäåçè÷åñêèõ,- Proc. Intern. Geom. Center 2011 4(2) 36-42.

8. Tachibana S. Ishihara S. On in�nitesimal holomorphically projective transformations in
kahlerian manifolds./S. Tachibana S. Ishihara- Tohoku Math. J. (2) 12 (1960), no. 1, 77�
101.

9. Yano K. The Theory Of Lie Derivatives And Its Applications /K. Yano�Amsterdam: North
Holland Publishing Company � 1957, 321p.

10. Äóáðîâèí Á.À., Íîâèêîâ Ñ.Ï., Ôîìåíêî À.Ò.Ñîâðåìåííàÿ ãåîìåòðèÿ: ìåòîäû è ïðè-
ëîæåíèÿ / Á. À. Äóáðîâèí, Ñ. Ï. Íîâèêîâ, À. Ò. Ôîìåíêî- Ì.: Íàóêà. Ãë. ðåä. ôèç.-
ìàò. ëèò., 1986. - 760 ñ.

11. ×åðåâêî �. Â.Ñîõðàíåíèå òåíçîðà ýíåðãèè-èìïóëüñà ïðè êîíôîðìíûõ îòîáðàæåíèÿõ
/�. Â. ×åðåâêî // Proc. of the Intern. Geom. Center.-2012.-V.5, �1-2.-Ñ.51-58

Î. �. ×åïóðíà

Îäåñüêèé íàöiîíàëüíèé åêîíîìè÷íèé óíiâåðñèòåò, Îäåñà, Óêðà¨íà.

E-mail: chepurna67@gmail.com

Olena Chepurna

In�nitesimal transformations of Riemannian spaces preserving

certain geometric objects1

In the article we study such in�nitesimal transformations of Riemannian

spaces that preserve the Einstein tensor, including conformal, projective and

holomorphically projective ones. We have found conditions to be satis�ed when

the transformation is to admit preserving the tensor. Also we consider the

in�nitesimal transformations of spaces with constant scalar curvature.
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